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In this lecture we'll see more applications of
quotient groups

Converse to Lagrange'sTheorem is Not true
Let's consider the group Ay We know that IAH 12

and 6 12 We claim that there isn't a subgroup

of Ag of order 6 If It were such a subgroup

then since Ay HI 2 HI Ay So AHI is

a group of order 2 Let a H t Aµ be the non

identity element

Since ord att 2 Htt d't H and

hence d EH i e for all a cAy IE H However

there are 9 different elements of the form92 in
At Checkthis but order of His 6 so this

is impossible Hence A can't have a subgroup



of order 6

So we have seen that the converse of Lagrange's
theorem is not true A natural question then arises

that can we at least say something about the
converse of Lagrange's theorem i.e can we say
that for some Ispecial divisors of 191 these do
exist a subgroup of that order
The next two amazing theorems tell us that

it is indeed the case

Z's theorem
het G be a finite group and to be a prime
number such that f 1Gt Then G contains an
element of order to



Remarry 0 The moment we have an element of
order to say a we have a subgroup of order to
La

We'll only prove Cauchy's theoremfor abelian

groups in this lecture and will prove it for general
groups later

Proofoflauchystheorein for abelian group
Let lat n and pIn The proof is by strong
induction on 1Gt

If 191 2 then 2 1al and G has an element

of order 2 o

Ino Hypothesis Suppose for all abelian groups
H with IH l L lGI and b IHl F an element

of order Is in H
We'll prove the result for G First of all G



has an element of prime order say q which

might be different from f why Suppose a c G

and order m Then from prime factorization

write m qs where q is a prime and S is the

left over part Then ord Ks q
So let a c G be the element of some prime
power q If q p then a is the desired element

If g f f then let's look at La

Since G is abelian p Ca a G and hence

is a group Moreover 19 ng L n

Also since god peg I D p 1 1 So by

the induction hypotheses ag
has an element

of order p The theorem now follows fromthe



following result which you'll prove in Assignment3

Result see Assignment3 Suppose G is a finitegroup
and H I G If has an element of order n

show that G has an element of order n

So for example g we have a group whose order

is say 8633 then you immediately know that
it has an element of order 97 and 89

We now state another theorem which guarantees

existence of groups of certain order Again we'll

just prove it for abelian groups deferring the

proof for the general case till the later partof
the course



Sylowstheorelf
G is a finitegroup p is a prime number such

that pd IGI pdt f I al lie p doesn't divide

191 then G has a subgroup of order pd

Proof for abeliangroupsonly If 2 0 then Ee is

such a subgroup So Suppose A fo Then since

H1 lal pl lat so from Cauchy's theorem G

has an element of order to say a c G The idea is

to consider a special set prove that it is a

subgroup and then prove it's order to be god

Consider the set

S see G xp e me 2

e e S and a c S so S t lo
It's very easy to use the subgroup test to

see that S is a subgroup



Claim 1st PB for an integer B ocrea
Suppose q is a prime which divides 1st Then

by Cauchy's theorem F an element b ES soto

cord b q If q f Is then since BES we know

ord b ps se 2 p q ps which is

impossible So p is the only prime dividing
1st 1st PR for some B

if B a by Lagrange's theorem 151 191

D Atleast pdt f lat which cannot happen so

fo E No

Claim p a

Suppose Bed Then since SIG p

p I I I by Cauchy's theorem I am element

x S E KS 5 Soto ord as p



This means sets S rate S

But since setes set te te 2

So PIPE e p sets e sees

by the definition of S

This contradicts the fact that xS S

So B d is not possible

1st pd and S is the desired subgroup

is

In the next lecture we'll start studying homomor

phisms and isomorphisms

O X x O


